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Abstract. Matrices representing the Clebsch-Gordan series for the irreducible represen-
lations of a finite group form a complete set of commuting operators whose eigenvaiues
are the group characters and whose eigenvectors are the columns in the character table.
These operators are dual to another complete set of commuting opetators which repre-
sent the class multiplication structure constants. The duality between these two complete
sets of commuting operators is made explicit.

1. Introduction

In quantum mechanics it 8 ofien usefui 1o choose basis states which are eigenstaies of
a complete set of commuting observables. It is possible to formuiate the representa-
tion theory of finite groups in this spirit. This was in fact proposed many years ago [1,
2]. More recently, this programme was stated in the language of quantum mechanics
[3]. In this approach [4, 5] the complete set of commuting operators is the set of
‘structure constants’ for a finite group which are obtained from class multiplication.

In view of the usual duality which exists between classes and irreducible repre-
sentations, one might expect that this approach dualizes. This is in fact so. It is
possible to formulate the representation theory of finite groups from the Structure
constants’ for multiplication of irreducible representations. The matrices which de-
scribe the Clebsch—Gordan series form a complete set of commuting operators whose
eigenvalues form the group character table [6).

We exhibit the duality between the two approaches based on complete sets of
commuting operators for class multiplication and representation multiplication. The
complete sets of operators are constructed in section 2, their eigenvectors are com-
puted in section 3, and the equivalence between them is established in section 4. The
three descriptions of the representation theory of finite groups based on the charac-
ter table and the dual approaches based on complete sets of commuting operators
for classes and representations are equivalent. In section 5 we discuss the minimal
information required to formulate these three approaches.
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2. Dual complete sets of commuting operators

We assume a finite group of order g has a complete set of n unitary irreducible
representations I'* of dimension d;, i = 1,2,...,n. The n classes C, have order
n,, =1,2,...,n. The characters are denoted x*'(«). The character table is an
nx n matrix x with matrix elements (x), = x*'(<«) and with inverse x~! with matrix
elements (x~1)§ = n,x**(e)/g. For convenience we state the orthogonality and
completeness relations

oM =) xh(x™H§ = Zx‘(a)f;-xf'(a) = 5

. . . (1)
(x7'x)§ = Z(x'l)?xb = Z%"x‘ (e)x*(B) = 5.

i

All results are illustrated for the symmetric group S;. The group has three irreducible
representations: the identity representation I'3; the two-dimensional representation

I'?!; and the antisymmetric representation I''°, Dually, it has three classes, C,; which
consists of the identity element, C, ; which contains the three transpositions and Cj
which contains the two three-cycles, The properties of S; are summarized in table 1,

2.1. Representation multiplication and Clebsch—Gordan series

The Clebsch-Gordan series is defined by

Meli=% GJr* =T/ @r" )
k

The coeflicients GE are non-negative integers. These integers can be computed if
the group character table is known. A simple character analysis on the compound
character for the direct product representation I'* @ 'V Jeads to

G = 3 X (@ (@) " x (@), 3)

It is useful to collect the integers Gf into n matrices, one for each representation
. This is conveniently done by introducing an n-dimensional linear vector space
V., with dual basis vectors {T'/|,{[,}, (F/|T;) = &7, on which I'* acts as follows

(9|0 = (D9 @ T¥| = S (1Y T[T (T
k )
(GO, = (DY |Mr) = Gy

The matrix G(i) defines the Clebsch-Gordan series generated by I'. Since the
Clebsch-Gordan series commutes (cf equation (2)) the n matrices G(7) are mutually
commuting. As a result they are simultaneously diagonalizable.
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22, Class multiplication and group structure constants

A dual set of » mutually commuting operators may be constructed from the structure
constants for class multiplication

Ca®Ca =) ClyC, =Ca®L,. 2"
- ‘

The coeflicients C) g are non-negative integers. These integers can be computed if
the group character table is known. A simple ‘class’ analysis on the character for the
product of two classes C, ® C4 Jeads to

Cla = 3 X (M (e)x" (1) = €. @)

1
It is useful to collect the integers C, into n matrices, one for each class C,. This is
conveniently done by introducing another set of dual basis vectors in V,,, {C7],[Cg),
{C7[Cg) = 63, on which C,, acts as follows

CalCs) = IC, ® Cgd = 3 1€,)(C [ 1)
K (4

{Cla)}g = {C7IC1C) B O
The matrix C(«) defines the class multiplication structure constants generated by C,,.

Since class multiplication is commutative (cf equation (2)) the n matrices C(a) are
mutually commuting. As a result they are also simultaneously diagonalizable.

3. Simultaneous eigenvectors

3.1. Clebsch—-Gordan series

The eigenvalues of the matrices G(7) are the elements in the ith row of the character
table, x*(C,),...,x*(C,). The right eigenvector |v{3)) of each G(7}, when properly
normalized, is the Sth column of the character table x. The right eigenvectors of
G(i) are

(v(B8)) = Z|Fk)xk(ﬁ) o)
k
when normalized so that the first component is +1 (x*(Id) = 1). Then
G(D)lv(A)) = x'(B)|v(8). (6)
The left eigenvectors (u(3)| are the rows of the inverse matrix x !
(B = 3 "2 (BT ™
j

The matrices G(i} are simultaneously diagonalized by the similarity transformation
-1 G( . .
x~ Gi)x

X~ G(E)x = diag(X'(C1), x* (C3), - -, ) (Cr))- ®)

The simultaneously commuting operators G(3), G(2,1), G(13) are shown for S, in

table 1. This table also shows the matrix of eigenvalues E4(i) = x*(8) of the G(3),
the right eigenvectors |v{3)) of G(i), and the diagonalized matrices x~*G(2)x.
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Table 1. The permutation group Sa has three representations = I',T', T and three
classes C{),C(),C(). (a) Eigenvalue matrices Eo{(G(i)) for Qebsch-Gordan series and
E*(C(a)) for dass structure constants, labelled by operators and eigenvectors. (b)
Eigenvector matrices x contains right eigenvectors (columns) |v(5)) of G(i) and lefi
eigenvectors (rows) (u'{4)| of C(a). x~! contains left eigenvectors (rows) {u(#)| of
G (i) and right eigenvectors (columns) |v'(i)) of C(a). (c) Three mutually commuting
operators G(i) for the Clebsch—Gordan series and their diagonal form under similarity
transformation x ™ G(#)x. Three mutually commuting operators C(a) for the dass
structure constants and their diagonal form under similarity transformation xC(a)yx~1.
{d) Expansion of C(o) in terms of G(i) and expansion of G(i) in terms of C{a).

(a) Eigenvalue

Matrices . i
Eq ( G(i)) E'(C(a))
Eigen
N 1y B > Y v - ey e cam
Seies n E 5] m Vet g P s
6 (o oo 1 1 1 <vemm|m| 1 3 2
s P| 2 0 -1 <vedlp| 1 0 -1
sl B 1 -1 1 <vcfy B 1 -3 2
T s — Ths Measy
T Balluyy — Diuviy
(b) Eigenvector 71
Matrices X X

. lvel o VP> v >
oo

V> Py v B>
o[ doreE = @ B

{vamlm| | 1 1 vl B| w s

<vnwp| 2 0 -1 <vil B| 3% 0 376

{vem|wm| 6 -6 26

<viBaB 1 -1 1

3.2. Class structure constants

The cigenvalues of the complete set of commuting operators C(«) are n, x** (a)/d;.
The left eigenvectors {u'(j)| are the rows of the character table x

(W) =Y % (BN )
8
(W ()IC(a) = (W () 52X (a). ©)

)
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Table 1. (Continued).
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(d) Expansions Clo) = TA.x 2Gli) x° o 2
of Complete EAuX Gl X Gl)=ZB Cle) x>
Sets of

. : .
\.,uuuuuuus i [

Operators ,,\ i
1 ¢ 0 o o
Ag= a2 2 Jap Bio- e e U6
2 0 32 RUEI

The matrices C(«) are simultaneously diagonalized by the inverse similarity trans-
formation xC(a)x ™!

XCla) = diag (2xi"(a). B (@), Sox(@)) . @)

The simultaneously commuting operators C(13), C(2, 1), C(3) are shown for S, in
table 1. This table also shows the matrix of eigenvalues E*(3) = n Bx'*(,@) /d; of the
(*rm their left and nuh'r emenvecmm and the dlaonr!a!_ d m g v(‘(n\v—l

Mg AL Rl QL =RLRAL ma . Tces AVR A

4. Transformations

Since the columns of the matrix x are right eigenvectors of the matrices G(7) and its
rows are left eigenvectors of the matrices C(«), we have, combining equations (5)
and (5)

. ZZIP X (B)CP| = ZDF (L7 |Cs){(CP). )

Similarly, combmmg equatnons (6) and (6’) or inverting equation (9} using equa-
tion (1) we find

#)
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That is, the character table is the non-unitary similarity transformation between the
class basis and the representation basis in V.

Using this change of basis transformation we may write the complete sets of
operators G(7}, C(«} in their dual basis sets:

I x] = Y ICHCHIG)IC )
.f (10)

and
xCla)x™ =Y ITHIH|C(a)|T; (7|
iJ

(10"

. n N .

(FIC(a)IE;) = 22X (a) 8.

i
Equations (10) and (10') exhibit the duality between the complete sets of commuting
operators for representations and classes most succinctly. The commuting represen-
tation operators Gf{¢) are expressed in terms of their eigenvalues multiplied by class
operators |C,}(C®|, and conversely. Projection operators in the class basis and the
representation basis are easily constructed as superpositions of diagonalized repre-
sentation matrices x~'G(7)x and class matrices xC{a)x ™!, respectively,

C)eel = Z%X”G(i)x (1

T = Z%‘xcm)x-‘- (1)

Projectors in either basis are simply expressed in terms of projectors in the other
basis

el = Y oI5, (12)
P HT | = ) 1€ (€% |80 (12))
These relations arc used to express the C(«) as linear superpositions of the G(i),

and conversely. To express the C(«) in terms of the G(i), we form superpositions
of the projectors |[';}{I"*| according to equation (10') using equation (12')

- U n(X - v
xCla)x!= )Z;xf (@)1 )(T|
] 7

H")Zﬂ- J*( )Zlcﬁ><cp|6;,ﬁ

(11) . -
22 ) 2y a)ajﬁZ—a\* (B~ G(k)x (13)
XClayx™' = 3 A7 Glk)x (14)
k
n - n -
Aa =20 =N (@)= (n). (15)

M ©
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A dual computation involving equations (10), (12) and (11’) leads directly to

X 'G(i)x =) B xC(B)x! (14
8
. . d
B¥ = Zx'(u)?“x“(ﬁ)- (15%)
B

It is easily verified that the matrices A and B are inverses:

Y A BY =6 > BY Ay = 6. (16)
k B

The net result of this computation is to show that the class multiplication structure
constants C'(«) can be expressed directly in terms of the Clebsch-Gordan series G(1)
and conversely

Cla) = 3 Au;x2G()X’ a7
G(i) =Y B*x*C(8)x7*. 17)
B

5. Relations

Three approaches to the study of representations of finite groups have been de-
scribed. These are the traditional approach based on the character table and the dual
approaches of computing the eigenvalues and simultaneous eigenvectors for a com-
plete set of commuting operators for representation multiplication (Clebsch-Gordan

series) and class multiplication (class structure constants). These three approaches
are equivalent. Any may be used to construct the other two. If the character table
is known the dimensions of the representations are the integers in the column corre-
sponding to the identity class, which is the only column whose entries are all positive
integers. The group order is g = ) d?, and the number of elements in each class,
n,, is the positive integer in the column of gx~! corresponding to the identity
representation. This is the only column of gx~! whose entries are all positive in-
tegers. The complete set of commuting operators for the Clebsch—Gordan series is
constructed from equation (3) and the complete set of commuting operators for the
class structure constants is constructed from equation (3).

If the Clebsch—Gordan series is known, the character table is the matrix of eigen-
values of the simultaneous eigenvectors of the complete set of commuting operators.
The dimensions of the representations and orders of the classes are determined as
above from x and x~'. The transformation matrix A_; of equation (15) is con-
structed from this information and the complete set of simultaneously commuting
class operators C'(a) is constructed from equation (17).

If the class multiplication structure constants are known, the orders n_, and di-
mensions d; are determined from the appropriate positive row and column of the
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Character Table

e T/ A @

Agx GG

G(i) - Cla)
By’ Cloyx”
Clebsch-Gordan Class Structure
Series Constants

Figure 1. Three approaches (o representation theory of finite groups based om the
character table and two dual complete sets of commuting operators are equivalent.

eigenvalue matrix E!(C{a)) = n, x"(a)/d;. The character table is then eas-
ily reconstructed. The transformation matrix B'® of equation (15) is constructed
from this information and the complete set of simultaneous operators G(i) for the
Clebsch—Gordan series is constructed from equation (17').

The relations between these three approaches is summarized in figare 1. The
traditional approach based on the group character table is the most efficient, being
an order n? study (n? = number of matrix elements required). The dual approaches
based on complete sets of commuting operators are order n® studies. Of the two,
the approach based on the Clebsch-Gordan series is more useful if selection rules
are known but the group is not. The dual approach is more convenient in the dual
case. The two approaches reduce to order n? studies if one operator in the complete
set has non-degenerate eigenvalues.
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