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Clebsch-Gordan series as a complete set of commuting 
operators 

R Gilmoret and J Katriel 
Depanment of Chemistry, Echnion-Israel lnslitute of Ethnology, 32wO Haifa, Israel 

Reeeived 9 December 1991 

AbstracL Malrices representing the Clebsch-Godan series for the irreducible represen- 
mtions of a finite p u p  form a complete set of commuting operators whose eigenvalues 
are the gmup characters and whose eigenvectors are lhe wlumns in fhe charaefer fable. 
Thw operators are dual Io another complete set of mmmuring operators which repre- 
sent lhe dam multiplicalion slmcture constants. The duality between these RVO complete 
se- of mmmuting operators is made explicir. 

I. Intmduction 

;n qaniurl rlechanio ii & ofen .aefui io basis w.hiiiich a ~ e  e@eiisaiiies of 
a complete set of commuting observables. It is possible to formulate the representa- 
tion theory of finite groups in this spirit. This was in fact proposed many years ago [I, 
21. More recently, this programme was stated in the language of quantum mechanics 
[3]. In this approach [4, 51 the complete set of commuting operators is the set of 
‘structure constants’ for a finite group which are obtained from class multiplication. 

In view of the usual duality which exisrs between classes and irreducible repre- 
sentations, one might expect that this approach dualizes. This is in fact so. It is 
possible to formulate the representation theory of finite groups from the ‘structure 
constants’ for multiplication of irreducible representations. The matrices which de- 
scribe the Clebsch-Gordan series form a complete set of commuting operators whose 
eigenvalues form the group character table [GI. 

We exhihit the duality between the two approaches based on complete ge,t_~ of 
mmmuting operators for class multiplication and representation multiplication. The 
complete sets of operators are constructed in section 2, their eigenvectors are com- 
puted in section 3, and the equivalence between them is established in section 4. The 
three descriptions of the representation theory of finite groups based on the charac- 
ter table and the dual approaches based on Complete Sets of commuting operators 
for classes and representations are equivalent. In section 5 we discuss the minimal 
information required to formulate these three approaches. 

t Permanenl address: Depanment of Physia and Atmospheric Science, Drexel University. Philadelphia 
PA 19104, USA. 
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2. Dual complete sets of commuting operators 

We assume a finite group of order g has a complete set of n unitary irreducible 
representations r i  of dimension d i ,  i = 1 , 2 , .  . . , n. The n classes C, have order 
n, ,u = 1 , 2 , .  . . ,n. The characters are denoted ~ ' ( a ) .  The character table h an 
n x  n matrix x with matrix elements (x): = x i ( a )  and with inverse x-' with matrix 
elements (x-')? = n , X i * ( a ) / g .  For convenience we state the orthogonality and 
completeness relations 
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All results are illustrated for the symmetric group S,. The group has three irreducible 
representations: the identity represeritation r3; the two-dimensional representation 
r2f1; and the antisymmetric representation rIs. Dually, it has three classes, C, ,  which 
consists of the identity element, C2,' which contains the three manspositions and C, 
which contains the two three-cycles. The properties of S, are summarized in table 1. 

21. Representation mulriplicarion and Clebsch-Gordan series 

The Clebsch-Gordan series is defined by 

r i B  rj = Ccyrk = rj a e;. 
k 

The coefficients C? are non-negative integers. These integers can be computed if 
the group character table is known. A simple character analysis on the compound 
character for the direct product representation r' @ Yj leads to 

It is useful to collect the integers Cy into n matrices, one for each representation 
ri .  This is conveniently done by introducing an ?dimensional linear vector space 
V, with dual basis vectors (rjl,\rk),(rJ1rk) = 6;, on which r i  acts as follows 

{c(i))i = (rjirilrk) E cy. 

The matrix C ( i )  defines the Clebsch-Gordan series generated by I". Since the 
Clebsch-Gordan series commutes (cf equation (2)) the n matrices C ( i )  are mutually 
commuting. As a result they are simultaneously diagonalizable. 
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22. Class mulfiplicalion and group sfrucfure consfanu 

A dual set Of n mutually commuting operators may be constructed from the structure 
constants for class multiplication 

c, '3 cp = cc,&c7 = CO '3 e,. (2') 
7 

The coefficients C& are non-negative integers. These integers can be computed if 
the group character table is !mown. A simple 'class' analysis on the character for the 
product of hvo classes C, '3 Cp leads to 

It is useful to collect the integers C& into n matrices, one for each class C,. This is 
conveniently done by introducing another set of dual basis vectors in V,, (C.1, ICp), 
(C71Cp) = 62, on which C, acts as follows 

C,lC,) = IC, @ C p )  = 

{C(a))Z = (C7IC,ICP) c:,. 

IC7)(C7 IC,IC,) 
7 (4') 

The matrix C(a) defines the class multiplication structure constants generated by C,. 
Since class multiplication is commutative (cf equation (2')) the n matrices C ( a )  are 
mutually commuting. As a result they are also simultaneously diagonalizable. 

3. Simultaneous eigenvectors 

3.1. Clebsch-Gordan series 

The eigenvalues of the matrices C( i )  are the elements in the ith row of the character 
table, xi(C,), . . . , #(e,,). The right eigenvector I w ( P ) )  of each C( i ) ,  when properly 
normalized, is the Pth column of the character table x. The right eigenvectors of 
G( i) are 

when normalized so that the first component is + 1  (Xk(Id)  = 1) .  Then 

The left eigenvectors (u(P)I are the rows of the inverse matrix x-' 

The matrices G( i) are simultaneously diagonalized by the similarity transformation 
x-' C( i)x: 

x - ' G ( ~ ) x =  d i a g ( X i ( C , ) , X i ( C 2 ) , .  . . ,xi(c, ,)) .  (8) 
The simultaneously commuting operators G(3), C(2, l) ,  C(13) are shown for S, in 
table 1. This table also shows the matrix of eigenvalues Ep(i) = x i ( @ )  of the C( i ) ,  
the right eigenvectors I.(@)) of G(i ) ,  and the diagonalized matrices x-'G(i)x. 
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mbk 1. I h e  permutation p u p  S3 has three representations = r , r . r  and hnc 
cl?sxs C ( ) , C ( ) , C ( ) .  (0) Eigenvalue matrices E, (G( i ) )  for Clekh-Gordan series and 
E ' ( C ( u ) )  for dasr structure constanq labelled by cperalors and eigenvectors. (6) 
Eigenvector matrices x anlains right eigenvectors (wlumns) Iu(B)) d C(i) and kfl 
eigenveaors (rows) (u'(i)l of C(a). x-' contains kfl eigenvcclors (rows) (u(@)I d 
G ( i )  and right eigenveclon (columns) Iv'(i)) of C(o). (c)  lhree mutually mmmuting 
operators G ( i )  for the aebsch4ordan series and their diagonal form under similarity 
vansformation X-'G(i)X. Three mutually commuting operalors C(o) for ulc daw 
structure constants and their diagonal form under similarily lransformntion xC(a)x - ' .  
(d) Expansion of C(a) in le1705 of C(i) and expansion of G(i) in Lcrms of C(a). 

3.2. Class structure constanls 

The eigenvalues of the complete set of commuting operators ~ ( a )  are n,x'*(a)/di. 
The left eigenvectors (u'(j)l are the rows of the character table x 
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lhbk 1. (Conlinued). 
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(: I :) (: 0 0 : - 1  :) 0 1 0  

The matrices C ( a )  are simultaneously diagonalized by the inverse similarity trans- 
formation xC(a)x- ' :  

The simultaneously commuting operators C(13),C(2,1),C(3) are shown for S, in 
table 1. This table also shows the matrix of eigenvalues Ei(P) = nBXi*(P)/di  of the 
q p ! ,  their !eft and right eige!p&?aoE, and rliagQna!kecj ma!rii.rps XC(n)x - ' .  

4. hnslormntions 

Since the columns of the matrix x are right eigenvectors of the matrices C(i) and its 
rows are left eigenvectors of the matrices C(a) ,  we have, combining equations (5) 
and (5') 

. 

j B  j B  

Similarly, combining equations (6) and (6') or inverting equation (9) using equa. 
tion (1) we find 
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That is, the character table is the non-unitary similarity transformation between the 
class basis and the representation basis in V,. 

Using this change of basis transformation we may write the complete sets of 
operators G ( i ) , C ( a )  in their dual basis sets: 

R Gilmore and J Karriel 

X-'G(.I)XJ = Ic,)(CmlG(i)lCq)(C41 
e.@ (10) 

(C~!C( i )[C, )  = x ' (a)6& 

x ~ ( a ) ~ - l  = Clri)(riIc(a)lrj)(rjl 

(rilc(a)lrj) = "Xi*(a)6j. 

and 

( 1 W  i , j  

n 
d i  

Equations (10) and (10') exhibit the duality between the complete sets of commuting 
operators for representations and classes most succinctly. The commuting represen- 
tation operators G( i) are expressed in terms of their eigenvalues multiplied by class 
operators lCm)(Col, and conversely. Projection operators in the class basis and the 
representation basis are easily constructed as superpasitions of diagonalized repre- 
sentation matrices y ' G (  i ) ~  and class matrices xC( a ) ~ ' ,  respectively, 

Projectors in either basis are simply expressed in terms of projectors in the other 
basis 

IC,)(CUl = CIri)(rilL (12) 

i r iW = ~ I C A C V ~ ~ .  (12') 

i 

U 

These relatioris arc used to express the C ( a )  as linear superpositions of the C(z), 
and conversely. TO express the C ( a )  in terms of the C ( i ) ,  we form superpositions 
of the  projectors lri)(ri! according to equation (10') using equation (12') 

IO') n X ~ ( o ) x - ' l ( =  ~ X ~ * ( a ) ~ r , ~ ( r j ~  , d j  
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A dual computation involving equations (lo), (12) and (11') leads directly to 

x - ' G ( i ) x  = B i P x C ( P ) x - '  
P 

It B easily verified that the matrices A and E are inverses: 

A,, B k P  = 6t B i P A p j  = 6;. 
k P 

The net result of this computation is to show that the class multiplication structure 
constants C(a) can be expressed directly in terms of the Clebsch-Gordan series C(i )  
and conversely 

5. Relations 

Three approaches to the study of representations of finite groups have been de- 
scribed. These are the traditional approach based on the character table and the dual 
approaches of computing the eigenvalues and simultaneous eigenvectors for a com- 
plete set of commuting operators for representation multiplication (Clebsch-Gordan 
series) and class multiplication (class structure constants). These three approaches 
are cn,uiva!en!. .A!y may be =er! tn r ~ f l s t i ~ t  the ather Fe.  !I thp, chmcter  'nh!~ 
B known the dimensions of the representations are the integers in the column corre- 
sponding to the identity class, which is the only column whose entries are all positive 
integers. The group order is g = d i ,  and the number of elements in each class, 
n,, is the positive integer in the column of g x - '  corresponding to the identity 
representation. This is the only column of g x - '  whose entries are all positive in- 
tegers. The complete set of commuting operators Cor the Clebsch-Gordan series is 
constructed from equation (3) and the complete set of commuting operators for the 
class structure mnstants is constructed from equation (3'). 

If the Clebsch-Gordan series is known, the character tahle is the matrix of eigen- 
values of the simultaneous eigenvectors of the mmplete set of commuting operators. 
The dimensions of the representations and orders of the classes are determined as 
above from x and x - ' .  The transformation matrix Ami of equation (15) is mn- 
structed from this information and the complete set of simultaneously commuting 
class operators C ( a )  is constructed from equation (17). 

If the class multiplication structure constants are known, the orders n, and di- 
mensions d; are determined from the appropriate positive row and column of the 
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Character Table 

A i  
xi(a) - 3 x (a) 

Clebsch-Gordan 
Series 

Class Smcture 
Constants 

Figure l. 
character table and two dual complete wls of mmmuting operaton are equivalent. 

?hree approaches lo reprcsentalion thealy of finite groups based on lhe 

eigenvalue matrix E ' ( C ( a ) )  = n U ~ " ( a ) / d i .  The character table is then eas- 
ily reconstructed. The transformation matrix Eiu of equation (15') is constructed 
from this information and the complete set of simultaneous operators G(i) for the 
Clebsch-Gordan series is constructed from equation (17'). 

The relations between these three approaches is summarized in figure 1. The 
traditional approach based on the group character table is the most efficient, being 
an order n2 study (nZ = number of matrix elements required). The dual approaches 
based on complete sets of commuting operators are order n3 studies. Of the two, 
the approach based on the Clebsch-Gordan series is more useful if selection NI- 
are known but the group is not. The dual approach is more convenient in the dual 
case. The two approaches reduce to order n2 studies if one operator in the complete 
set has nondegenerate eigenvalues. 
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